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Parameter estimation in dynamic models is important in 
process modeling and simulation. Recently, Wang and Luus 
(1978) proposed the use of shorter data length to substantially 
enlarge the region of convergence to the global optimum for the 
parameters. The purpose of this note is to demonstrate that 
quasilinearization algorithm, known for its rapid convergence 
rate, can also b e  improved in terms of expanded region of 
convergence, and can be  successfully used even when accurate 
initial estimates of the unknown parameters are not available. 
Moreover, we wish to show the effect of using different sections 
of the data on the reliability of the estimated parameter values 
during the early iterations, when only portions of the data are 
used. 

PYROLYSIS OF BENZENE 

The example chosen here is that used by Seinfeld and Gavalas 
(1970) for parameter estimation. The following two-parameter 
model is used to describe the pyrolytic dehydrogenation of 
benzene to diphenyl and triphenyl: 

where 

rl = kl[x12 - xZ(2 - 2x1 - ~J0.7261 (3) 
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r2 = kz[xlxz - (1 - x, - 2x,)(2 - 2x, - x2)/3. 8521 (4) 

with x1 and xz the gram-moles of benzene and diphenyl per 
gram-mole of pure benzene feed. The eight experimental mea- 
surements of y, and y, as a function of the residence time t ,  as 
given by Seinfeld and Gavalas (1970), are plotted in Figure 1. 
The measurements are related to the states x1 and x2 by 

yi(tj) = xl(tj) + ei(tj) , i = 1,2 ; j = 1,2,. . . ,8 (5) 
where ei(tj) indicates random experimental error. 

The problem is to find the values of the parameters k, and k,  
which minimize the difference between the actual observations 
and the model predictions. We are thus interested in minimiz- 
ing the expression 

R 2  

EFFECT OF DATA LENGTH ON THE REGION OF CONVERGENCE 

Quasilinearization algorithm is well known in parameter es- 
timation for its fast speed ofconvergence. However, if the initial 
guess is not sufficiently close to the true parameter values, 
divergence may result. The difficulty of making a good initial 
guess can be overcome by the use of small portions of the data 
length during the early iterations, as proposed by Wang and 
Luus (1978, 1980). 

This is shown for this particular example in Figure 2, where 
the regions of convergence are plotted in the k, - k, plane for 
different portions of the data length. Although negative initial 
guesses for the rate constants kl and k ,  have no physical mean- 
ing, they are included in the plots to show the entire region of 
convergence. 

Since there are two parameters to be  estimated, two data 
points would be sufficient to yield the exact parameter values 
when the data are noise free. In most cases, owing to noise in the 
data, the estimated values of the parameters will not be the best 
estimates when only a small portion of the data length is used. 
However, by gradually increasing the data length to the point 
where the parameters do not change substantially, the whole 
data length can then be used to obtain the optimum parameter 
values. 

Thus, in this example, by using the first two given data points 
only we obtain initially (356.7,399. l), and then using all the data 
we obtain the best estimates (354.6, 400.2). The use of only the 
first two data points during the early iterations resulted in 
enlargement of the region of convergence as compared to the 
case where all the data are used. The corresponding regions of 
convergence are represented by curves b and a ,  respectively, in 
Figure 2. 

Further decrease of the data length requires generation of 
artificial data. This is accomplished by least-squares polynomial 
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Figure 2. Effect of data length T on the region of convergence: 
a: T = 169.7 X 
b: r = 11.32 x 
c: 7 = 5.63 x 10-4. 
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Figure 3. Convergence of parameter estimation. 

curve fitting which can also be used to smooth the data when the 
noise level is high. In the present example, as shown in Figure 1, 
data points are not given for t less than 5.63 x By generat- 
ing an artiificial data point at t = 2.815 x and applying 
quasilinearization algorithm using this generated data point and 
the first given data point, we obtain a substantial increase in the 
region of convergence. This is shown by curve c in Figure 2. 

The rapid convergence associated with quasilinearization 
close to optimum is obtained even when the initial guess is far 
from the olptimum values. Consider the case where as initial 
guess (1000, 9000) is chosen. As shown in Figure 3, the con- 
vergence to (352.6, 398.6) results in four iterations. Using sub- 
sequently till the data, omitting the artificial one, we achieve the 
optimum values (354.6, 400.2) in one further iteration. 

The very fast convergence rate of quasilinerarization al- 
gorithm, requiring usually fewer than five iterations, combined 
with the fact that the main limitation of the method, the small 
region of convergence, is overcome, establish quasilinearization 
a very powerful method in parameter estimation. Moreover, the 
number oftequations requiredfor integration is n(p+2), where n 
is the number of states and p the number of parameters; that is, 
only n more equations are required than Gauss-Newton 
method. Since quasilinearization requires fewer iterations to 
converge, it becomes computationally much more efficient than 
gradient methods. 

EFFECT OF USING DIFFERENT SECTIONS OF THE DATA 

Instead of restricting the use of data close to the initial state, 
one can just as well use different sections of the data during the 
first few iterations. For example, we may consider the data at t = 
11.32 x as constituting the initial state and the data at t = 
16.97 x lW4 as constituting the first data point. In other words, 
we may shift the data to allow any of the early data points to be 
the intial state. 

By taking the data at t = 11.32 x lO-'as initial state, the data 
at t = 16.97 x as the first data point and by interpolation 
obtain an artificial data point at t = 14.145 x the region of 
convergence is shown in Figure 4. As can be seen, the region of 
convergence remains enlarged, but the shape has changed 
somewhat. 

However, the reliability of estimates of the parameters can be 
influenced by the choice of the section of the data during the 
early iterations. In order to examine the reliability of the first 
estimates ofk, and kz, new measurements y, and yo were gener- 
ated from 

Yi(tj) = Xi(tj)[l + u.R,,] , i = 1,2 , j = 1,2 (7) 
where R" are random numbers uniformly distributed between 
-1 and 1, u is the maximum noise level and xi(tj) is the exact 
solution of Equations (1) and (2), obtained using354.6 and 400.2 
as the exact parameter values for k, and k,, respectively. One 
hundred runs were performed for each different starting point, 
the results of which are shown in Table 1. 

The standard deviation of k,, a measure of the reliability in the 
estimate, increases gradually as the starting point is moved away 
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Figure 4. Region of convergence with initial state at  t = 1 1.32 X 1 C4; 7 = 
5.65 x lo-*. 

TABLE 1. RELIABILITY OF PARAMETER ESTIMATES AS 
DETERMINED BY SECTION OF DATA USED 

u = 0.01 
Starting point kl kz 

0 354.9 f 7.4 403.1 f 72.5 
5.63 x 10-4 354.9 f 9.5 402.1 f 33.1 
11.32 X 354.9 f 13.1 402.2 f 30.9 
16.97 X 355.7 f 18.3 402.8 f 34.7 
34.00 x 10-4 357.7 2 55.1 407.3 f 78.4 

u = 0.02 
Starting point ki 4 

0 355.3 f 14.8 405.6 f 145.1 
5.63 x 10-4 355.4 f 19.1 404.2 f 66.3 
11.32 X lo-' 355.6 & 26.2 404.5 f 61.9 

405.7 f 69.5 356.8 36.7 16.97 X lo-' 
34.00 x 10-4 363.8 f 111.6 418.6 f 159.1 
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from t = O .  However, for k, the standard deviation at t , = O  is as 
high as at t0=34 x and passes through a minimum at to = 
11.32 x The selection of the initial state in this case should 
come as a trade off between gains in the reliability of k2 and 
losses for kl. It appears that a good compromise is obtained when 
the starting point t = 11.32 x is used. 

SUMMARY 

Quasilinearization algorithm was applied to a typical chemical 
engineering parameter estimation problem. Using only portions 
of the data length during the early iterations, as proposed by 
Wang and Luus (1978), the size of the region of convergence was 
significantly enlarged. Without the problem of having to have a 
good initial guess, quasilinearization becomes a very powerful 
tool for estimating parameters, since it possesses the property of 
very fast convergence rate and is easy to program. 

Furthermore, the effect of using different sections of the data 
during the early iterations was demonstrated. Although a 
method to obtain the optimum section of the data is not pro- 
posed, the effect of using different starting points on the reliabil- 
ity of the estimated parameter values, during the early itera- 
tions. was illustrated. 

NOTATION 

ei 
i 
j 
J 

kl 

= random experimental error associated with state i 
= index relating to state variable 
= index relating to point in time 
= sum of squares of deviations performance index 

= rate constant relating to first reaction (parameter to 
given by Equation (6) 

be determined) 

k2 

n 
P 
r1 
r2 

Ri j  
and 1 

t = residence time 
X I  

x2 

Yi 
0- = maximum noise level 

= rate constant relating to second reaction (parameter 

= number of state variables 
= number of parameters to be  determined 
= rate of first reaction given by Equation (3) 
= rate of second reaction given by Equation (4) 
= random numbers uniformly distributed between - 1 

to be determined) 

= moles of benzene per mole of benzene feed 
= moles of diphenyl per mole of benzene feed 
= recorded measurement of x i  

7 = data length used for parameter estimation 
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Addition polymerizations are usually initiated through the 
use of catalysts. Alternate means of initiation are available, 
including’ initiation by absorption of radiation (ionizing or ul- 
traviolet). Both catalyst decomposition and radiation absorption 
lead to the production of free radicals which initiate the polym- 
erization reaction. However, there are differences between the 
initiation modes which can profoundly affect the ease with which 
the reaction is carried out and the character of the product. 
Thus, in the case of radiation initiation, the rate of initiation is 
essentially independent of temperature, and because of the 
physical separation of radiation source and the reaction 
medium, the initiation rate may be  changed very rapidly. By 
contrast, the rate of initiation with chemical initiators is usually 
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strongly temperature dependent, and because the chemical 
initiator is in solution in the reaction medium, the initiation rate 
cannot be  changed very quickly. Because of these facts, radia- 
tion initiation may lead to greater reactor stability and greater 
ease of reactor control. An important consequence of greater 
stability and ease of reactor control should be  less frequent 
instances of runaway reactions and explosive decompositions, or 
the elimination of these events altogether. This consequence 
would result in greater safety of operation and loss of produc- 
tion. 

Polymerization processes initiated by the thermal decomposi- 
tion of a catalyst are well established. But very little work has 
been done on the engineering aspect of photopolymerizations 
(Yemin and Hill, 1969; Jain e t  al., 1970; Chen and Hill, 1971; 
Hill and Chen, 1972; Sandru and Smith, 1973; Ibarraand Smith, 
1974; Mendiratta e t  al., 1975; Chen and Steenrod, 1975), in part 
because of incomplete exploration of their characteristics and 
advantages. Notice that a number of studies of the design and 
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